We consider locally thermal states (for two qubits) with certain amount of quantum entanglement present between them. Unlike previous protocols we show how work can be extracted by performing local unitary operations on this state by allowing those two qubits to interact with thermal baths of different temperatures, thereby gradually removing the entanglement between them till they reach a direct product state. Also we demonstrate that, further work can be extracted from this direct product state by performing global unitary operation, thereby establishing that work can be extracted from a system composed of locally thermal subsystems even after removing quantum correlations between them if the subsystems are thermalized at different temperatures. Also we show that even if we consider a initial state where there is no entanglement between the two qubits, we can also extract work locally using our method.
INTRODUCTION
In recent times, there is a surge of application of the idea of information in various branches of physics from condensed matter to quantum gravity, especially in the context of thermodynamics. Classical thermodynamics is perhaps one of the robust branches of physics, governed by its three laws. These laws can be derived from the microscopic physics of the underlying system. But there are many subtleties [1] [2] [3] [4] while applying these laws to finite systems where one cannot take so called thermodynamic limit. (i.e density of states tends to infinity smoothly with the increasing system size.) As a result, laws of thermodynamics take quite different form for the quantum systems mainly owing to the non-Gibbsian evolution of the initial state. Lots of effort have been put in the recent past to establish the laws of thermodynamics in the quantum regime. In this context, resource-theoretic aspects of quantum thermodynamics have developed. Although the importance of quantum correlations in the context of quantum thermodynamic is yet to be understood in full generality, but substantial amount of progress has been made in this direction recently [5] .
One of the important area of research in quantum thermodynamics, is to determine how to extract work optimally from a quantum system. This is rather an old question starting from the work of [6, 7] , but has been made more concrete in recent past. In [8] , the mathematical framework of C * -algebra has been used to study the question of optimal work extraction procedure from an isolated quantum system under cyclic Hamiltonian process. This question then later explored in Hilbert space formalism in [9] . In this context, generally one start with an isolated system and couple it with an external source for short interval of time. This is achieved by turning on a time dependent potential V (t) which is non zero only between time t = 0 and t = τ and then one study the evolution of the system under the full hamiltonian
where H is the intrinsic hamiltonian of the system under consideration. Without loss of any generality, it can take the following form
where the energy levels are nondegenerate and N denotes the dimension of the underlying Hilbert space. Then the total amount of extractable work (W ) is simply the difference in internal energy between the final and initial state.
where, ρ(t = τ ) = U † ρ(t = 0)U and U = e H(t)dt . So ρ(t) and ρ(t = 0) shares the same spectrum and U defines a global unitary operator. It has been further established in [8] [9] [10] , that the maximum amount of work can be extracted under this cyclic Hamiltonian process whenever the system evolves into a state, called passive state (σ), from which no further work can be extracted. By the term passive we mean, the underlying density matrix commutes with the Hamiltonian and the eigenvalues are non-increasing with the energy i.e,
This maximal amount of work
(where σ and ρ have same eigenvalues), sometimes called as ergotropy [10] in the literature. Further, like in classical thermodynamics, for the individual quantum system there exists a protocol by which the amount of work that can be extracted can be shown to be equal to the change in its free energy [11] . Apart from this, various works have been done to study the status of various laws of thermodynamics for individual quantum systems [11] [12] [13] [14] [15] . But the question still remains, is that all we can get? Can one utilize quantum correlations present in the system to further extract work? In recent past this topic of extracting work utilizing correlations in multi-party quantum system has gained renewed interest [12, 13, [16] [17] [18] [19] . In this context it seems underlying entanglement structure of the quantum system plays very crucial role. In [20] it has been shown that, one can further extract work taking multiple copies of passive states and acting certain entangling unitary (these are global unitary operators ) on the state made up from these multiple copies σ ⊗n , thereby beating the bound (5) established in [10] . This process is sometimes known as activation. But then this activation process doesnot work for the thermal states as they are completely passive state [8, 21] . Further, in [19] , the authors designed a protocol for a system composed of finitely many subsystems such that locally each of them are in thermal states but the global state is an entangled state so that one can extract work [19] . To illustrate this, imagine a situation, where a bipartite state is shared between Alice and Bob initially, given by,
with, Z= 1 + e −2βE . The local marginals of this state follows Normal probability distribution (
, which says that the local states are thermal. So, it is impossible to extract any amount of work locally from this state. But one can use a global unitary on the joint state which can be lowered it to the lowest energy state [19] . Also the maximum amount of work that can be extracted using this global unitary is bounded by,
β is the inverse temperature of the thermal bath with respect to which each of these subsystems are in thermal equillibrium and n is the number of subsystem (for the above example n is 2 and E β = E.) In this article we asked the question that, if Alice and Bob brought these two particles a distance apart, then can it be possible to extract some amount of work locally, but using thermal baths of different temperatures? And we answer affirmatively. The dissipation of the correlation initially present between Alice and Bob due to the interaction with different temperature local baths is also studied.
Here we have considered a different kind of work extraction scenario, which is termed as spontaneously extractable work. The local thermal states of individuals will evolve by the interaction with local baths of different temperatures. This evolution of the local states will decrease the free energy of the local particles, which can be stored in a work storage device (storage battery), as an amount of extracted work. So, one can switch off the bath Hamiltonian at any instant of time and the storage battery can be decoupled from the system with stored energy, which can be used further. At t → ∞ as the individual states acquire the local bath (different temperatures for both Alice and Bob) probability structure, so they can't be correlated any more. Now relaxing the above mentioned spatially separated condition one can use a global bath to extract an amount of work from them jointly. The rest of the paper is organized as follows, in the section 2, we describe our protocol of extracting work by performing local unitary operations.
In the section 3 we demonstrate how to extract work from a state which is a direct product of local thermal states with different temperatures by global unitary operations. Then in section 4 we summarize and conclude with some open questions.
LOCAL UNITARY OPERATION AND WORK EXTRACTION PROTOCOL: A DYNAMICAL SETUP
In this section we will discuss the in detail our method of extracting work by local unitary operations. We will show that even if we start with locally thermal state we can extract work from the joint state by local unitary operations. In the process we also demonstrate that, this method of spontaneously extracting work by local unitary has a virtue that, even if the joint state is a direct product state of two local thermal we can still extract certain amount of work. Below we explain this by considering three different examples.
Case-I
We start with a two qubit entangled state described by the following density matrix,
Here β = 1 T , T is initial temperature characterizing this state. Z = 1 + e −2βE is the normalization such that, Trρ = 1. This two qubit system admits the following Hamiltonian,
where, a, b denote respectively the two particles under consideration. h w denotes the coupling strength. If there is no other interaction present, the evolution of the state,
cannot change its entanglement structure. To change its entanglement structure we let the two particles to interact with the two thermal baths with respective temperature β 1 and β 2 . (β > β 1 , β 2 ) We now add the appropriate interaction terms in the evolution equation which takes the following form [22] ,
The interaction terms are defined in the following way [22] ,
where,
B, P, Q, R matrices are traceless. Now, because of this interaction, the initial entanglement will decrease with time and eventually it will go to zero as the two particles will thermalize with the their respective baths. This models resembles well known two-level system that we encounter often when we study dynamics of a system confined to a two dimensional subspace and the transitions to other level are negligible, e.g-laser systems. The equation (11) is nothing but a optical master equation of Lindblad type that is well studied in the literature [22] . For all practical purpose we can choose [22] ,
as the spontaneous emission rate where ω 0 denotes the frequency of the transition between the two levels and d dipole operator. n 1 = n 1 (ω 0 , β 1 ) and n 2 = n 2 (ω 0 , β 2 ) denote the Planck distributions at this transition frequency with the corresponding temperatures β 1 and β 2 of the two baths. More details of this can be found in [22] .
Next we solve (11) with the boundary condition (8) . Now ρ(t) have to be hermitian and reduce to ρ(t = 0) at t = 0. Imposing these two conditions and also using the fact that, the trace of ρ(t) should remain unity at every time we solve the above set of differential equations. Below we quote the solution for ρ(t). There are only two non-vanishing off-diagonal elements of ρ(t). The density matrix takes the following form,
Also, 1 Z (ρ 11 (t) + ρ 22 (t) + ρ 33 (t) + ρ 44 (t) = 1. Detail expressions for these components are given in the appendix. We first investigate how the entanglement changes with the time. With this density matrix (14) we compute the concurrence C(ρ(t)) following [23] as shown below. (15) where, λ 1 (t), λ 2 (t), λ 3 (t), λ 4 (t) are the eigenvalues of
with,ρ
in the decreasing order for all the values of t under consideration. C(ρ(t) is monogamous and it gives us the measure how the entanglement of the initial state changes (decreases) with the time. We plot C(ρ(t)) for suitable values of the parameter as shown in the figure (1) and it shows the expected behaviour. As time increases it rapidly tends to zero, showing us that the entanglement between these two particles goes to zero and the initial state reaches a direct product state. Given this scenario, we will focus how much work we can extract over time as the correlation being destroyed. We first write down the expression for the extractable work,
a and b denote the two particles.
where, ρ a (t) = Tr b ρ(t). Similarly,
where, ρ b (t) = Tr a ρ(t) and
We then plot W tot with respect to t. From the figure (2) it is evident over the time the amount of the extractable work decays which is what we expect as the correlation between the two particles also decays over time.
Let us summarize what we have established here. We start with an entangled state of two particles system. We have allowed the two particles to interact with the two thermal baths of different temperature thereby evolving the state to a state such that over the time initial entanglement between them decreases. During this process we show that we can extract work till they get thermalized. We have performed local unitary operation on a two particle entangled states to make them a direct product state and extracted work in the process. At the end of the process the two particle gets thermalized with their respective bath. One last point to be noted here that the amount of work that can be extracted not only depends on the initial β and the bath temperatures (i.e β 1 , β 2 ) but also on the couplings γ 1 and γ 2 . Here we have only studied the process for some specific values of these parameters only just to demonstrate the basic features but we will leave the more systematic study of work extraction for all possible values of these parameters in near future.
Case-II
We consider yet another example.
From (11) we get the following,
where the non zero components are same as that of (14) and the difference is that now we have only the diagonal terms. First of all note that from (23), it is evident that, there is no correlation i.e C(ρ(t)) is zero. But still our methods enable us to extract work and we get the same features as shown in the figure (2) for the previous case. We let this two qubits to interact with the two local bath with different temperatures (β 1 , β 2 = β) and in the process we can extract work till they get thermalized.
Case-III
In this last example, we will start with a state which is a direct product of two thermal state (for simplicity we assume here that they are in same temperature but it can be generalized to other cases as well.). So,
This again takes the same form as (23) (again various components of this ρ(t) are shown in the appendix). Then using the same procedure as before we can extract work and get a similar plot as in figure (2) . (notice that in this case also there is no correlation between the two local states.).
We have demonstrated that if we start with locally thermal system, irrespective of the fact that, whether there exists correlation between them or not, we can extract work by letting the subsystems to interact with the local thermal baths of different temperatures until they thermalize. In the next section we demonstrate that further work can be extracted from that final state but we have to use "global" unitary instead of "local" unitary.
WORK EXTRACTION FROM STATES FROM TWO DIFFERENT THERMAL BATHS
In this section we show that, even after the two particle thermalized with their respective baths with the corresponding (inverse) temperatures β 1 and β 2 (β 1 = β 2 is the crucial point here) it is possible to extract work, but unlike in the previous section where the work is extracted by local unitary operation, in this case we have to perform global unitary operation. Density matrix describing the particle which is in contact with the bath with inverse temperature β 1 ,
where, p = 
Z1
. Here for simplicity we have set E 0 = 0. Similarly for the other particle in contact with the bath with inverse temperature β 2 we have,
where, q = Z2 . Now that we have seen there is no correlation between them, then the resulting density matrix characterizing the combined two particle system is,
(28) Following [20] , there exists a global unitary operation which can take this state to the following which has the same entropy as (28) ,
The entropy for (29) is given as, let,
S(ρβ) = 1 1 + 2e −βE + e −2βE log e −2βE
Also the entropy for the state mentioned in (28) is given as ,
As they are equal,
So the amount of extractable work will simply be equal to the difference between the free energy of these two states.
Now we show that under which condition the work defined in (32) is positive. We notice that, if β 1 > β 2 ,
From this it follows,
Combining (31) and (34) we get,
This further implies,β
And using this fact it can be easily shown that, W defined in (32) is positive. Hence we prove that by performing global unitary operation on the two particle states where each of the individual particle are in a thermal states with different temperature one can extract work. This establishes our claim that we made at the beginning: it is possible to extract work locally by allowing the subsystems to interact with thermal baths of different temperatures (even if there are no correlations between different subsystems) till all the correlations between them are being removed and after that, further work can be extracted by using global unitary.
SUMMARY AND DISCUSSION
In this work, we have explored yet another avenue of the work storing capacity of the system in presence (or absence) of quantum correlations. First, we have considered a 2 qubit system where each of the two qubits are in a local thermal state (characterized by the inverse temperature β, which can be arbitrary), but the global state is not a direct product sate. We have shown that given this scenario we can perform local unitary operations unlike the global unitary operations considered perviously in the literature to extract some amount of work. We let these two qubits to interact with two thermal bath with different temperatures (inverse) β 1 and β 2 ( < β) and let them thermalize over time. In the process the correlation between them are being removed and we can extract work. One important point to be noted that, it has been shown previously (for e.g in [19] ) that for local thermal state once the correlation is completely removed one cannot further extract any work "globally" as the resulting state becomes completely passive. We circumvent this situation in our protocol by allowing the two qubits to thermalize "locally". Then we demonstrated that it is further possible to extract work by global unitary operations from this resulting state. Then we consider examples of states where there is no entanglement between the two qubits. But we have shown that, still we will be able to extract work from that state again by local unitary operations. So we basically established a protocol which is a combination of local and global unitary operations and gives a way to extract work locally form a system composed of local thermal sub systems irrespective of any quantum correlation present between them. It will be an interesting future study to compare the amount of the extractable work from this protocol with the bound established in [19] and investigate what is the maximum possible work that can be extracted using our protocol. Also it will be interesting to generalize this method for n-qubit systems which will give us intuition how to apply our protocol for more realistic open quantum systems. Also it is possible to study and apply this for non equilibrium scenario [24] and investigate the role of fluctuation-dissipation theorem for our protocol [25] [26] [27] [28] and many more. We hope to get back to these problems in near future. Note Added: While preparing the draft we became aware of the result [29] , which also stands as a strong evidence for our work and further motivates us to extend our study for various other important scenario in future.
Appendix A
Here we provide the detailed expressions for the components of the density matrix ρ(t) as mentioned in (14) . 
where ( * ) denotes the complex conjugate. ρ(t) has 4 diagonal elements also.
ρ 11 (t) = 1 (1 + 2n 1 )(1 + 2n 2 )Z e −2βE e −t(γ1+γ2+2γ1n1+2γ2n2) e 2eβ (n 1 + 1) e γ1(2n1+1)t + n 1 (n 2 + 1) e γ2(2n2+1)t + n 2 + (n 1 + 1) (n 2 + 1) e γ1(2n1+1)t − 1 e γ2(2n2+1)t − 1 ,
ρ 22 (t) = 1 (2n 1 + 1) (2n 2 + 1) Z e −2βE
(n 1 + 1) n 2 e 2βE + 1 + n 2 n 1 e 2βE − 1 − 1 e −t(γ1+2γ1n1) − (n 1 + 1) n 2 e 2βE − 1 − 1 e −t(γ2+2γ2n2) − n 1 n 2 e 2βE + n 2 + 1 + n 2 + 1 e −t(γ1+γ2+2γ1n1+2γ2n2) , ρ 33 (t) = 1 (2n 1 + 1) (2n 2 + 1) Z e −2βE n 1 (n 2 + 1) e 2βE + 1 − (n 2 + 1) n 1 e 2βE − 1 − 1 e −t(γ1+2γ1n1) + n 1 n 2 e 2βE − 1 − 1 e −t(γ2+2γ2n2) − n 1 n 2 e 2βE + n 2 + 1 + n 2 + 1 e −t(γ1+γ2+2γ1n1+2γ2n2) ,
ρ 44 (t) = 1 (2n 1 + 1) (2n 2 + 1) Z e −2βE e −t(γ1+γ2+2γ1n1+2γ2n2) n 1 n 2 e 2βE − n 2 e 2βE − 1 e γ2(2n2+1)t + n 2 e 2βE + 1 e t(γ1+γ2+2γ1n1+2γ2n2) + −n 2 e 2βE + n 2 + 1 e γ1(2n1+1)t + n 2 + 1 + n 2 e γ2(2n2+1)t + n 2 + 1 .
Next we give all the components of the density matrix as given in (25) 
